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Abstract 



In this paper we analyse super-Chern-Simons theory in A/" = 1 super- 
space formalism, in the presence of a boundary. We modify the Lagrangian 
for the Chern-Simons theory in such a way that it is supersymmetric even 
in the presence of a boundary. Also, even though the Chern-Simons theory 
is not gauge invariant in the presence of a boundary, if it is suitable coupled 
to a gauged Wess-Zumino-Witten model, then the resultant theory can be 
made gauge invariant. Thus, by suitably adding extra boundary degrees 
of freedom, the gauge and supersymmetry variations of the boundary the- 
ory exactly cancel the boundary terms generated by the variations of the 
CO ' bulk Chern-Simons theory. We also discuss how this can be applied to the 

^ , ABJM model in J\f — 1 superspace, and we then describe the BRST and 

■ anti-BRST symmetries of the resultant gauge invariant supersymmetric 

I theory. 

CN : 1 Introduction 

The ABJM theory is thought to describe the world-volume of multiple M2- 
branes in M-theory at low energies [D HI- It is a three dimensional Chern- 
Simons-matter theory with gauge group U{N)k x U{N)-k at levels k and — fc 
k><( . on the world- volume of N M2-branes placed at the fixed point of B? /Zk- Al- 

5^ ■ though this construction explicitly realises only TV = 6 supersymmetry, the 

, supersymmetry is expected to be enhanced to full A/" = 8 supersymmetry for 

fc = 1,2 [5]. The ABJM theory coincides with the Bagger-Lambert-Gustavsson 
(BLG) action [H [S] IHl E], based on the Basu-Harvey equation [8 , for the only 
known example of the Lie 3-algebra. 

The BLG model has been analysed in the A/" = 1 superfield formalism [9]. 
First, an octonionic self-dual tensor is used to construction a real super-potential 
with manifest SO(7) invariance. Then for specially chosen couplings, the compo- 
nent action coincides with the BLG action, and hence the full 5*0(8) symmetry 
is restored. After reduction using the novel Higgs mechanism [T^, Higher- 
derivative corrections to super- Yang-Mills on D2-branes were analysed in the 
TV = 1 superspace formalism 11 1| . Chern-Simons theory with TV = 1 supersym- 
metry has also been studied in relation to axion gauge symmetry which occurs 
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in supergravity theories arising from flux compactifications of superstrings and 
Scherk-Schwarz generalised dimensional reduction in M-theory [T^ . 

The AB JM and BLG actions arc formulated for M2-branes without a bound- 
ary. However, it is of interest to allow the inclusion of a boundary. Such bound- 
aries correspond to M2-branes ending on other objects in M-theory. In [13] 
appropriate boundary conditions were derived for the ABJM and BLG actions, 
describing M2-branes ending on M5-branes, M9-branes or gravitational waves. 
Boundary conditions in the presence of background flux were derived in [14] . 
The M5-brane is of particular interest, and certainly one motivation for study- 
ing open M2-branes is to learn about the physics of the M5-brane. For example, 
by considering a system of M2-branes ending on an M5-brane with a constant 
C-field turned on, the BLG model was used to motivate a novel quantum geom- 
etry on the M5-brane world- volume |15| . Another interesting relation between 
multiple M2-branes and the M5-brane is the identification of the BLG action 
(with Nambu-Poisson 3-bracket) as the M5-brane action with a large worldvol- 
ume C-field, as reviewed in [TQ . While these results involve a model for multiple 
M2-branes, we note that earlier work using the action for single open M2-branes 
suggested a form of non-commutative string theory on the M5-brane worldvol- 
ume [T71 [ISl m] • It would be interesting to understand how these results arising 
from different approaches are related. 

One of our motivations is to make further progress towards a superspace de- 
scription of the ABJM action with a boundary. Rather than specifying boundary 
conditions as in [T31 [H] , the idea here is to add additional boundary terms and 
degrees of freedom to make the action consistent. The prescription is moti- 
vated by the symmetries of the bulk action. In particular, we follow the general 
prescription given in [20] to add boundary terms so that half the bulk super- 
symmetry is preserved. This procedure has been applied to supersymmetric 
Abelian Chern-Simons theories in [3D] and particularly to various models in- 
cluding Chern-Simons matter theories and the ABJM model in [3T]. However, 
in addition to supersymmetry, it is necessary to consider preservation of gauge 
symmetry. This issue was considered, with the aim of describing the physics 
of multiple self-dual strings in [22]. In doing so bosonic Chern-Simons theory 
on a manifold with a boundary was analysed. It was found that even though 
the Chern-Simons theory was not gauge invariant by itself in the presence of a 
boundary, the sum of it with a Wess-Zumino-Witten model living on the bound- 
ary was gauge invariant. Thus, new degrees of freedom were identified on the 
boundary and these degrees of freedom generated a U{2N) x U{2N) Kac-Moody 
current algebra. While it is possible to introduce the fermionic sector and de- 
rive a supersymmetric action in component form, it seems somewhat natural to 
derive a manifestly supersymmetric gauge invariant action, in some sense com- 
bining the results of [5T] and [22 . This will be the result of section H] although 
for simplicity we limit ourselves to — 1 superspace and don't address the is- 
sue of a background C-field as there has been limited progress in extending the 
ABJM action to include coupling to a general C-field [231 [Ml [21] . Because the 
issue of preservation of gauge symmetry is specific to the Chern-Simons term, 
this is considered separately in section [31 

While there is a well-known connection between (2 -I- l)-dimensional (topo- 
logical) Chern-Simons theories and (1 -I- l)-dimensional CFTs [26], the situation 
is less clear for Chern-Simons matter theories. As shown in [23 |2B] for pure 
Chern-Simons theory with suitable boundary conditions, a component of the 
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gauge field, say Aq, appears linearly in the action and so can be integrated out, 
imposing the constraint F12 = 0. This constraint can be solved explicitly (e.g. 
for a manifold of the form of a disk for each constant time slice) and the re- 
sult is a (1 + l)-dimensional WZW model where the bulk gauge potential has 
been replaced by the boundary gauge degrees of freedom. Now Chern-Simons 
matter theories are not topological so we should not expect such a connection 
to (1 + l)-dimensional CFTs. Of course, in cases such as ABJM theory where 
the Chern-Simons matter theory is conformal, the boundary theory may still 
be conformal. However, an important difference to the pure Chern-Simons case 
is that due to the gauged scalar kinetic terms, Aq will no longer appear as a 
Lagrange multiplier - even the classical equation of motion will couple F12 to 
the scalars rather than simply requiring F12 — 0. We therefore cannot expect 
the Chern-Simons action to be replaced by a WZW model in general. How- 
ever, it is possible to use the principle of gauge invariance in the presence of a 
boundary to couple the Chern-Simons theory to a boundary theory. The general 
result is a gauge invariant action coupling the Chern-Simons gauge potential to 
a boundary WZW model, and which reproduces the pure WZW action when 
starting from a pure Chern-Simon action [35]. 

Supersymmetric Chern-Simons theories have also been studied as interest- 
ing examples of the AdSi/CFTs correspondence EOl 132 ElISS]- Three 
dimensional Af = 1 super-conformal field theories have the property of being 
supersymmetric without having any holomorphic property. This is a peculiar- 
ity of the AdSi/CFT^ correspondence with respect to the usual AdS^/CFT^^. 
Thus, the results of this paper may be useful in analysing certain aspects of the 
AdSi/C FT3 correspondence . 

We need to fix a gauge before we can quantize any theory which has a gauge 
symmetry associated with it. This is done by the addition of a gauge fixing term 
and a ghost term to the original action. The action thus obtained is invariant 
under two new symmetries called the BRST symmetry [Ml |3S] and the anti- 
BRST symmetry |36| . These symmetries are important to show the unitarity 
of the iS-matrix and thus the consistency of the theory at quantum level [37j . 
The BRST symmetry of the bosonic Chern-Simons theory has been thoroughly 
investigated [351 ISH] and the BRST symmetry of the JV = 1 Chern-Simons 
theory has been analyzed in the superspace formalism [301 [JT] . The BRST and 
the anti-BRST symmetries of the ABJM theory have also been studied |42j . 
In this paper we will analyse the BRST and the anti-BRST symmetries of the 
ABJM theory in presence of a boundary. 

2 Properties of Super-Covariant Derivatives 

In this section we shall first review the properties of the super-covariant deriva- 
tives for non-Abelian TV = 1 gauge fields in three dimensions [43]. Then we 
shall analyse the effect of having a boundary by generalising the results of [20] 
to non-Abelian case. In order to analyse the properties of the super-covariant 
derivatives, we first introduce 9a as two component anti-commuting parameters 
with odd Grassmann parity and let 

0^ = leaC'e^ = ^e^Oa. (i) 
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The anti-symmetric tensors C"^ and Cab can be used to raise and lower spinor 
indices, and they satisfy CabC"^ = 6 a- Now if Ta are Hermitian generators of 
a Lie algebra [Ta,Tb] = iJab'^C, in the adjoint representation, then matter 
fields can be represented by matrix valued complex scalar superfields X and 
suitably contracted with the generators of this Lie algebra, X = X^Ta, 
and X^ = X^^Ta- Let these superfields transform under infinitesimal gauge 
transformations as 

5X ^ iAX, 

SX^ = -iX'^K. (2) 

where A = A'^Ta and the product of these fields is actually a commutator. Now 
the super-derivative, given by 

Da = da + {rd,)%, (3) 

of these superfields does not transform like the original superfields. But we 
can define a super-covariant derivative for these superfields by requiring it to 
transform like the original superfields. Thus, we obtain the following expression 
for the super-covariant derivative of these superfields 

VaX = DaX-iVaX, 
WaX^ = DaX^+iX^Ta, (4) 

where Ta is a matrix valued spinor superfield suitable contracted with generators 
of a Lie algebra, Fq = T^Ta- If this matrix valued spinor superfield is made to 
transform under gauge transformations as 

6Ta = VaA. (5) 

then the super-covariant derivative of the scalar superfields X and X'' indeed 
transforms under gauge transformations like the original fields, 

SVaX = lAVaX, 
6VaX^ = -iVaX^A. (6) 

Now we can derive certain properties of these super-covariant derivatives. 
The Abelian version of these properties is given in j2Qj • Now define the compo- 
nents of this superfield Ta to be 

xa = [rj|, A^-^[v^ra]\, 
^^ = _i[v-(7'^)^r,]|, £;.-i[v''v„r,]|, (7) 

where '|' means that the quantity is evaluated at 9a — 0, and let be the 
conventional covariant derivative given by 

V^ = df,- iA^. (8) 

Then it can be shown by direct computation that the super-covariant derivative 
satisfies 

{Va,Vfc} = -2Vab, (9) 
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where 



Vab = dab - i^ab, 

Tab = -'-[D^an)-i{Ta,rb}], (10) 

and dab = {l^dij)ab- Now as we are studying Af = 1 superfields in three dimen- 
sions the indices 'a' are two-dimensional and so [Va, Vb] must be proportional 
to the anti-symmetric tensor Cab- Thus, we find 

VaVb = ^{V„,V6} + i[Va,V6] 

= 7a^b^M - CabV^. (11) 

The complete antisymmetrisation of three two-dimensional indices vanishes and 
so we have 

VaVfcVc = ^Va{V6, Vc} " ^VfcjVa, Vc} + ^Vc{Va, Vfc}. (12) 

Thus, we get 

V^VfeVa = 0, (13) 
V^Va = (7''V)„1?^, (14) 

If we put a boundary at fixed , then fj, splits into fj, = (m, 3) . The induced 
value of the super-derivative Da and the super-covariant derivative Va on the 
boundary is denoted by and respectively. This boundary super-derivative 
D'g^ is obtained by neglecting 7^93 contributions in Da, 

D'a = da + {l"'dm)%. (15) 

The boundary super-covariant derivative can thus be written as 

VaX' = D',X'-zT',X', 

VaX^' = D',X^' + tX^'K, (16) 

where X', X'^' and T'^ are the induced values of the bulk fields X, X^ and on 
the boundary. Any boundary field along with the induced value of any quantity 
e.g., A on the boundary will bo denoted by A'. This convention will be followed 
even for component fields of superfields. The matrix valued spinor superfield 
transforms under gauge transformations as follows: 

'^r; = v;a', (17) 

where A' is the induced value of A on the boundary. 
Now we define projection operators P± as: 

{P±t = l{5l±{j't). (18) 

These projection operators can be used to project the super-covariant derivative 
Va as, 

V±6 = (P±)?Va, (19) 
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and V'_j_^ as, 

V'±, = (F±)?V;, (20) 

where '^±a the induced value of V±a on the boundary. These projected values 
of the super-covariant derivative can now be shown to satisfy 

V+aV+b = -iP+Y'%bVra, (21) 
V_aV_b = -{P-T)abV^. (22) 

V_aV+b - -(P_),b(2?3 + V2), (23) 

V+aV_b = (P+)„;,(P3- V^). (24) 

From these relations we can obtain the following algebra for these projected 
operators. 

{V+a,V+b} = -2{P+^"')abVrn, (25) 

{V_a,V_b} = -2{P^-t"')abV^, (26) 

{V_a,V+b} = -2(P_),6P3- (27) 

It will be useful to write Eq. (IMl) as 

-V+V_ = -C"''V+aV_b 

= -C^\P+)ab{V^~^^) 

= -(P+)^(P3-V2) 

= (2?3-V2). (28) 

Note that is is also easy to see that the boundary super-derivatives satisfy similar 
relations, and that the supersymmetry splits into left- and right-moving sectors 
on the boundary since e.g. 

(P±7'")a,2?„, - {l^)abV± (29) 

where 7± = 7° ± 7^ and V± = \{Vo ± Pi). 

We have now reviewed properties of super-covariant derivatives and extended 
results in [20] to non-Abelian theories. In the next section we will use these re- 
sults to analyse non-Abelian Chern-Simons theory in the presence of a boundary. 



3 J\f =1 Chern-Simons Theory 

Before we consider a boundary we will review M = 1 non-Abelian Chern-Simons 
theory on a manifold without a boundary. Now the Lagrangian for M = 1 non- 
Abelian Chern-Simons theory in superspace formalism can be written (with 
implicit trace) as [33] 

/:cs,fe(r) = --^v2[r"r!,]|. (so) 

47r 

where |43l 

= UJa-\[T\Tab] (31) 

6 

= \D^DaTb-'-[T\DbTa]~\[T\{Tb,Ta}i (32) 

Tab = -^-[D(j:b)~i{Ta.Tb}]. (33) 
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In Eqs. ([Sn]) a trace over the generators of the Lie algebra is imphed. The 
covariant divergence of LOa vanishes [llj 

y^^a = 0. (34) 

The components of the superficld uja can now be calculated from Eqs. ([7]) 
and ([32]), 

[V»(7'')^c.,]| = e^^'^PF^p, [V»^J| = 0, (35) 

where e^^p is an anti-symmetric tensor. So the component form for the La- 
grangian for J\f = \ non-Abelian Chcrn-Simons theory can be written as 



L-CS-k — -r- 



A^^d^Ap + ^A^A.Ap ] + E'^Ea + P4x"(7^)a^fc) 



(36) 



3 

Now if the full finite gauge transformation of the superficld Fa is written as 

Ta^iuVaU-\ (37) 

where 

u = exp(iA^TA), (38) 
then the gauge transformation of the superficld Ua will be given by 

iOa^UUJaU^^. (39) 

Under infinitesimal gauge transformations the Lagrangian for the Af = 1 non- 
Abelian Chern-Simons theory transforms as 

'5/:cs.fc(r) = --^V2[(V"A)..,]|. (40) 
47r 

Now using Eq. we get 



k 

An 



{rVpVr[Auja]\. (41) 



As this is a total derivative, on a manifold without a boundary we have 

6Ccs,k = 0. (42) 

Thus, the TV = 1 non-Abelian Chern-Simons theory is invariant under these 
gauge transformations on a manifold without a boundary. 

After reviewing the gauge invariance of the Af = 1 non-Abelian Chern- 
Simons theory on a manifold without a boundary, we can now discuss the effect 
of a boundary on it. The effect of a boundary in three dimensions on the 
SUSY of a 7\A = 1 theories, and in particular how SUSY can be preserved 
by adding additional boundary terms has been recently studied in [2^. The 
SUSY variation of the Lagrangian for Af = 1 non-Abelian Chern-Simons theory 
transforms into a total derivative, so in the absence of a boundary this variation 
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vanishes and the theory is SUSY. However, in the presence of a boundary it 
reduces to a boundary term. This theory can stiU be made SUSY by adding a 
boundary term whose SUSY variation cancels the SUSY variation of the original 
action. The analysis performed for Abelian Chern-Simons theories in [5D1 [3T] 
can be easily generalised to the non-Abelian case for = 1 SUSY, with the 
result that the boundary term whose addition will make Af — 1 non-Abelian 
Chern-Simons theory SUSY can be written as 

Acs.fc (r) = |^i?3[r"f^a] I . (43) 

In component form this term can be written as 



C-bCS,k = -T-'D'i 

An 



(44) 



The SUSY variation of this boundary term exactly cancels the SUSY varia- 
tion of the bulk Lagrangian, so the sum of the bulk Lagrangian and this bound- 
ary term is SUSY, 

■^sCS, /c(r) = CcS,k + ^bCS,k 

- ^{-V'+V,)[T^na]\. (45) 

It may be noted that only half of the SUSY of the original theory is preserved 
on the boundary. In this paper we will keep the SUSY corresponding to V_ 
and break the SUSY corresponding to V+ on the boundary. 

This SUSY Lagrangian with a boundary term is not gauge invariant because 
following what we did for the TV = 1 non-Abelian Chern-Simons theory on 
a manifold without boundary, the infinitesimal gauge transformation of this 
Lagrangian is given by 

SCsCsM'^) - |^(P3-V2)V"[Al.J|. (46) 
Now using Eq. ([13]), this can be written as 

SCscs.ki^) = ^{'^3^" - ir'Df,yr)[Au:a]\. (47) 
47r 

As there is a boundary in the direction, we get 

47r 

- A(p3V--(732?3V)'')[Ac^a]|, (48) 

where ~ indicates that we have neglected the total derivative contribution along 
directions other than x^, as they will not contribute. Thus, the gauge transfor- 
mation of this SUSY Lagrangian gives a boundary term, 

= ^{P-^r[A'u;'J\. (49) 
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This boundary term can be written in component form as 

<cs,. = ^ {^"""^'Ku + {^'"{I'tEb') + {y'Ej)) , (50) 

where A = [A]|, Aa = [VaA]|, and the 'prime' notation \'^\'^,A'^ etc. denotes 
the induced values of these fields on the boundary. Due to the presence of 
this boundary term, the M = 1 non-Abelian Chern-Simons theory is not gauge 
invariant in the presence of a boundary. 

However, it is possible to couple this theory to another boundary theory, 
such that the total Lagrangian, which is given by the sum of the Lagrangians of 
both these theories, is gauge invariant. To do so we consider a boundary theory 
with the following potential term 

>Cpfc,fcK, r') = Cscsd^") - CscsA"^), (51) 

where v' is a boundary scalar superfield, v is an extension of v' into the bulk and 
Y" denotes the gauge transformation of F by d. For v close to the identity, this 
is a genuine boundary term, while in general we can still consider this to only 
depend on the boundary in the sense that in the absence of a boundary this term 
will have no effect since the normalisation of the Chern-Simons action is chosen 
so that the path integral is also invariant under large gauge transformations. 
See [12; for a more detailed discussion of the bosonic theory. Now the total 
Lagrangian Cscs.k{^) + ^pb,kW ,^') will clearly be gauge invariant if F^ is. 
This is possible if we require v to transform under gauge transformations as 

V -> vu^^. (52) 

To better understand this boundary Lagrangian, we can consider the case 
where F" = so that there is no coupling to the bulk fields. In this case 
the boundary term CsCS,k(J'°' = — «(V°t;)u~^) gives the potential term of the 
N = (1, 0) WZW model 01 gS] 

Cp,,k{v'X) = -^{P-^'T [[{v-'V+v),{v-'V:,v)]{v-'y^,v)\^. (53) 

We can now add the following supersymmetric gauge invariant kinetic term for 
the boundary sclar superfield v = v'{9+ = 0), 

C,,^,{v',r') = ~^-^{P^Vr[{v-'V_,v){v-^V+v)]^, (54) 

which is a gauging of the kinetic term of the Af = (1, 0) Wess-Zumino-Witten 
model [44l|45]. The other components of v' do not appear in the final action, so 
there is no need to include their kinetic terms. Note also that we have defined 
the kinetic term to have the correct sign whether k is positive or negative. The 
Lagrangian for the boundary theory will now be given by a type of gauged 
7V= (1,0) WZW model 

CbAv', r') = CkbA^', F') + CpbA^', V). (55) 

and so the complete gauge and supersymmetry invariant action is given by 

C.gcsAv','^) = /:.cs,fe(r) + £fc,fe(i;',F'). (56) 
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The component form of Cscs,k + i^pb,k is obtained by substituting 



Ea ^lEalJL'^, 



Xa ^J■XafJ■ 



where we have defined the components of v to be 

in the original SUSY boundary action, 

k 



(57) 
(58) 



sCS,k 



2i 



So we can write 

^sCS.k + ^pb.k 



+ 6^3 (x" [{rA,)lxb]) 



+P3(x"£^;>) + ^^?3 ((a^xV"' - ^r) 

+E'^Ea+V^{x%rtEb)\. 



(59) 



(60) 



The component form of Ckb,k is the kinetic term for the TV = (1,0) gauged 
WZW model, 



kb,k — 



2tt 



(61) 



where tjj- = {D^v)^^' ^ is the single fermionic component of v. 

Thus, M = 1 Chern-Simons theory in the presence of a boundary can be 
made both gauge and supersymmetry invariant by the addition of a suitable 
theory on the boundary such that its gauge and supersymmetry variations ex- 
actly cancel those of the Chern-Simons theory. Our result generalises that of 
PU] which gave the boundary terms to restore supersymmetry but not gauge 
invariance for Chern-Simons theory, in the case of an Abelian gauge group. It 
may be remarked that it was already known that the bosonic Chern-Simons 
theory suitably coupled to a gauged Wess-Zumino-Wittcn theory on the bound- 
ary is gauge invariant [2 2) , and we have now provided a superspace extension of 
that result, or equivalently a fully gauge invariant extension of the manifestly 
supersymmetric Chern-Simons with boundary theories considered in |21] . 



4 ABJM Theory 

In the previous section we analysed A/" = 1 Chern-Simons theory in presence of 
a boundary. In this section we shall use the results of the previous section to 
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analyse the ABJM theory in the presence of a boundary. The ABJM theory in 
the presence of a boundary, in Af — 1 superspace formahsm can be formulated 
as a supersymmetric gauge theory with the gauge group U{N)k x U{N)-k and 
the superfield Lagrangian 

^ABJM,k — ■^CS,fe(r) + Ccs,-k(r) + ^M,k, (62) 

where Ccs,k and Ccs,-k are Chern-Simons theories as discussed in the previous 
section, and the matter part of the Lagrangian C]\i^k is given by 

^M,k — ^kM + ^pM,k, (63) 

where CpM,k is the potential term given by 

+e"eKLXlY''^X'^Yl]^, (64) 
and CkM is the kinetic term given by 

CkM = -iv^iv^x^v^xl + v^r^v.r;],. (65) 

Here the super-covariant derivatives for the matter fields are given by 

VaX^t = DaX'^ -iX'^Ta+ltaX'^ 
VaY' = DaY' -lY'Ta+lTaY'. (66) 

The full finite gauge transformation under which the ABJM theory, without a 
boundary, is invariant are given by 

X^^uX^u'\ X^^^uX^'fu-^ 

Y^~^uY'u-\ Y^ ^ uY'^u-\ (67) 

where 

u = exp(iA^TA), 

u = exp(iiA'^TA). (68) 
The infinitesimal gauge transformations of these fields are given by 

5Ta = V„A, Sfa - V,A, 

5X' = i{KX' - X'K), (5X^t ^ ii^lx'^ - X^tA), 
5Y' ^i{Iy' -Y'K), (5r^t ^ i(Ay^t _y/tA). (69) 

We can now discuss the ABJM theory in the presence of a boundary. We 
can use the analysis in the previous section and a generalisation of the work 
done in ^Ul IHl HI] to analyse the ABJM theory in the presence of a boundary. 
The SUSY variation of the ABJM Lagrangian on a manifold with a boundary is 



11 



a boundary term. Thus, to retain the SUSY of the theory a suitable boundary 
piece has to be added in such a way that it cancels the boundary term generated 
by the SUSY variation of the original theory. The sum of this boundary term 
and the original ABJM Lagrangian can now be written as 

^sABJM,k — ^sCS,k(r) + ^sCS,-fe(r) + CsM,k, (70) 

where Cscs.k and Cscs.-k are the Chern-Simons theories on a manifold with a 
boundary defined in the previous section. The matter part of the Lagrangian 
CsM.k is given by 

^sM,k = ^skM + ^spM,k, (71) 

where CspM,k is the potential term given by 

C,pM,k = ^(-V2 + P3)[ej,;e^^X^y^X^lL 

+e^-^6KLX|y^t^./ty2]|, (72) 
and the kinetic term CgkM is now given by 

+V°'Y^VaY}]\. (73) 

The matter part of the ABJM theory is still invariant under the gauge trans- 
formations given by Eq. (|69p. However, the Chern-Simons part is not invariant 
under these gauge transformations. Thus, the total Lagrangian for the ABJM 
theory is not invariant under the gauge transformations given by Eq. (|69p . 
However, this is exactly the issue we tackled in the previous section, so we know 
that we can add a boundary action to modify the ABJM action. The result is 
the supersymmetric and gauge invariant action: 

CsgABJM,k = ^sgCS,k{v' , F) + CggC S-ki^' + l^sM,k- (74) 

Furthermore, v' and v' can be extended in to the bulk to produce fields v and 
V whose finite gauge transformations are given by 

V — i> vu~^ , 

V — i> vir"^ . (75) 

Thus, by introducing new degrees of freedom on the boundary, we have found 
a superspace description of the boundary ABJM theory which is also gauge in- 
variant. It would be interesting to generalise this to extended superspace so 
that more supersymmetry was manifest, and to investigate in detail how much 
supersymmetry is preserved by this theory or similar supersymmetric Chern- 
Simons theories with matter in the presence of a boundary. Other than some 
technical complications, it should be possible to extend this analysis to N — 2 
superspace, and indeed when the TV = 2 Chern-Simons action was derived, its 
similarity to the N — 2 WZW action was noted [46 . However, an interesting 
question is whether the full supersymmetry will give further constraints on the 

^ The supersymmetric but not gauge invariant case for N = 2 supersymmetry can be found 
in [21]. 
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boundary action, as we seemingly have the freedom to add any additional super- 
symmetric gauge invariant boundary terms. One obvious question is whether 
the boundary theory relates the two SU{N) factors such as through a coupling 
which preserves the diagonal subgroup. Some such feature may be expected as 
the A/" = 6 bulk ABJM action required the specific SU{N) x SU{N) form of the 
gauge group, but this is not required by less supersymmetric theories. Going 
beyond manifest M — 2 supersymmetry is even more difficult, but the ABJM 
action has been formulated in = 3 harmonic superspace [2]. Alternatively 
it may be possible to proceed without an off-shell superspace action using the 
ectoplasm formalism |47l 148) , as recently explored for systems with a boundary 

5 BRST and Anti-BRST Symmetries 

In this section we will study the BRST and anti-BRST symmetries of the the- 
ory discussed in the previous section. As the sum of the boundary theory and 
ABJM theory is invariant under gauge transformations, it contains unphysi- 
cal degrees of freedom. These unphysical degrees of freedom will give rise to 
constraints in canonical quantisation and divergences in the partition function 
in the path integral quantisation. So before we can quantise this theory we 
will need to eliminate these unphysical degrees of freedom by the addition of a 
suitable gauge fixing term and a suitable ghost term to it. The new effective 
Lagrangian which is obtained by taking the sum of the original classical La- 
grangian, the gauge fixing term and the ghost term will be invariant under two 
new sets of transformations called the BRST transformation and the anti-BRST 
transformation. 

In order to write a suitable gauge fixing term and a suitable ghost for the 
ABJM theory, we denote the auxiliary superfields by B,B. We also denote 
the ghosts by C, C and the anti-ghosts by C, C. It may be noted that whereas 
the auxiliary fields are regular matrix valued scalar superfields, the ghosts and 
the anti-ghosts are matrix valued anti-commuting superfields. All these super- 
fields are suitably contracted with generators of the Lie algebra in the adjoint 
representation 



B 




B 


= B^Ta, 


C 




C 


= C^Ta, 








~ A 


C 


^C^Ta. 


t 


= C Ta. 



Now we can write the gauge-fixing term Cgf and the ghost term Cgh for the 
ABJM theory corresponding to the gauge-fixing function [42^ . 

D'Ta = 0, D^'ta = 0, (77) 

as follows 

^af = -V+V_[BZ?"rj| +-V+V_[BZ?'^fj|, (78) 

Cgh = -v+v_[Ci:>"VaC]| + v+v_[^i:>"VaC']|. (79) 

We now define an effective Lagrangian Ceff^k as the sum of the supersymmetric 
and gauge invariant ABJM Lagrangian, the gauge-fixing term and the ghost 
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term, 

^eff.k = ^sgABJM,k + ^gf + ^gh- (80) 

The BRST transformations of the matter fields can be written as 

sX^ = i{CX^ - X^C), sX^^i = {{CX^'f - X^'fC), 
sY^ = i{CY^ - Y^C), s Y''' = i(Cr^1' - Y^^C). (81) 

The BRST transformations of the auxiliary superfields, ghosts and anti-ghosts 
can be written as 

sC = -^{C,C}, sC = -^{C,C} 
sC = B, sd=B, 

sB = 0, sB = 0. (82) 

The BRST transformation of the v and v can be written as 

sv = —ivC, sv = —ivC. (83) 

These BRST transformations are nilpotent and thus satisfy = 0. This fact 
can be used to show that the sum of the gauge fixing term Cgf and the ghost 
term Cgh is invariant under BRST transformations. It is because the sum of 
the ghost term and the gauge fixing term can be written as 

Cgf + Cgh = -V+V-slCD^rJi + V+V-sf^D^f^],. (84) 
Now using the fact that BRST transformations are nilpotent, we get 

sCgf + sCgh = -V+V_.s2[CZ?"rj| + V+V-s^^D"-Ta]\ = 0. (85) 

The Lagrangian jCsABjM,k is not invariant under these BRST transformations 
as it generates a boundary term which is given by 

sC,ABjM,k = ^{P-VnC'co'J^ - ^{P.Vr[C'Co'J\- (86) 

Here C and C' are the induced values of C and C on the boundary. However, 
this boundary term is exactly cancelled by the BRST variation of boimdary 
theory. Thus, the sum of the bulk and the boundary theory is invariant under 
these BRST transformations, and so we have sCsgABjM,k = 0. Thus, the 
efii'ective Lagrangian jCeff,k is invariant under BRST transformations, 

sCeff,k = sCsgABJM,k + SjCgf + sCgh = 0. (87) 

We can perform a similar analysis using the anti-BRST transformations. 
The anti-BRST transformations of the matter fields can be written as 

sX' = i{CX^ - X^d), sX^t = i{dx^^ - X'W), 
sY^ = i{dY^ -Y^C), sY^^ =i{CY^^ -Y^W). (88) 
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The anti-BRST transformations of the auxihary superfields, ghosts and anti- 
ghosts can be written as 



sr„ = v„c, sTa = y„c. 

sC = -B - {C,C}, sC = -B - {d,C}, 

sC=-^{C,C}, sd=-^{d,d}, 

sB = ^[B,C] sB = ^{B,d]. (89) 

The BRST transformation of the v and v fields can be written as 

sv = —ivC, sv = —ivC. (90) 

The anti-BRST transformations also are nilpotent and thus satisfy — 0. 
Furthermore, the sum of the ghost and gauge fixing terms can also be written 
as 

^af + ^9h = -V+V_s[CL»«rj| + V+V_s[^L»«f„]|. (91) 
Thus, using the fact that anti-BRST transformations are nilpotent, we get 

sCgf + sCgh = -V+V_s2[CD'TJ| + V+V_s2[^D-fj| = 0. (92) 

Here again the Lagrangian £sABjM,k is not invariant under these anti-BRST 
transformations and it generates a boundary term which is given by 

sC,ABjM,k = ^{P-Vr[C'u;'J\-^{P.Vr0Co',]\. (93) 

Here C and C are the induced values of C and C on the boundary. This term 
is again cancelled by the anti-BRST variation of the boundary theory and so we 
have s£sgABjM,k = 0. Thus, the effective Lagrangian Ceff,k is also invariant 
under these anti-BRST transformations, 

SjOeff,k = sCsgABJM,k + sCgf + SjCgh = 0. (94) 

So the effective Lagrangian for the supersymmetric and gauge invariant ABJM 
is invariant under both the BRST and the anti-BRST transformations. 



6 Conclusion 

In this paper we analysed the Af = 1 Chern- Simons theory in the presence 
of a boundary. We used the results thus obtained to study the ABJM theory 
in the presence of a boundary. We first modified the Chern-Simons theory by 
adding a boundary term to it such that supersymmetry variations of the bulk 
Chern-Simons theory were cancelled by the supersymmetry variations of this 
boundary term. The resultant theory was then made gauge invariant by adding 
new boundary degrees of freedom to it. This new boundary theory was identified 
as a gauged Wess-Zumino-Witten model. These results were used to obtain a 
superspace description of the boundary ABJM theory which was also gauge 
invariant. As the matter part of the ABJM theory is gauge invariant even with 



15 



a boundary, it was only necessary to include a boundary term to restore SUSY. 
The Chern-Simons part of the ABJM was modified by both the addition of a 
term to make it SUSY and new boundary degrees of freedom to make it gauge 
invariant. Thus, we added a suitable theory on the boundary such that its gauge 
and supersymmetry variations exactly cancel those of the bulk ABJM theory. 
We also analysed the ERST and the anti-BRST symmetries of this resultant 
theory. 

Chern-Simons theories are also important in condensed matter physics due 
to their relevance in to fractional quantum Hall effect [SDl [SI] [5U [SS] • Fractional 
quantum Hall effects is based on the concept of statistical transmutation, i.e. 
the fact that in two dimensions, fermions can be described as charged bosons 
carrying an odd integer number of flux quanta which is achieved by analysing 
Chern-Simons fields coupled to the bosons. In this theory electrons in an exter- 
nal magnetic field are described as bosons in a combined external and statistical 
magnetic field. At special values of the filling fraction the statistical field can- 
cels the external field, in the mean field sense and the system is described as 
a gas of bosons feeling no net magnetic field. These bosons condense into a 
homogeneous ground state. This model describes the quantisation of the Hall 
conductance and the existence of vortex and anti-vortex excitations. Lately 
supersymmetric generalisation of fractional quantum Hall effect have also been 
investigated O [55j [56j [57] . In particular physical properties of the topological 
excitations in the supersymmetric quantum Hall liquid have been discussed in 
a dual supersymmetric Chern-Simons theory |58| . Boundary effects for Chern- 
Simons theories are also important in condensed matter physics. This is because 
in quantum Hall systems gapless edge modes exist [35] • These have important 
consequences for the transport properties of the system [60] . These modes have 
been studied in the presence of an infinitely steep external confining potential 
[CT ini] • The description of these modes has also been related to the chiral Lut- 
tinger liquid description of the edge excitations [521 ■ Thus, the results of this 
paper will be useful in analysing the supersymmetric generalisation of gapless 
edge modes of fractional quantum Hall systems. This can have important con- 
sequences for the transport properties of these fractional quantum hall system. 
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A Component BRST Transformations 

In this appendix we will first study the gauge transformations of the ABJM 
theory and the boundary theory in the component form. We will then analyse 
the BRST and anti-BRST transformations of these theories in the component 
form. To do so we write ghosts, anti-ghosts and the auxiliary fields in component 
form as 











Ca = [VaC]|, 


ba = [V„S] 




c=[V2C]|, 
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c=[C]|, 2=[C]|, 6=[B]|, 
Ca = [V„C]|, 5„ = [V„^]|, 6„ = [V„S]|, 
c=[V2C]|, 5=[V2^|, b=[V2B]|, (95) 

where the fields c,c,c,c,ba and c,c, c,c, are fermionic fields and the fields 
Cai Ca, b and Co, Ca, 6, b are bosonic fields. The components of the matter fields 
are given by 

x' = [X% xi = [VaX% x^ = [V2x']|, 

y'^ = [y% yi'' = [^aY'% y^t = [vV^]|. (96) 
We also write the components of A and A as 

A=[A]|, A„ = [VaA]|, 
A=[V2A]|, I=[v2A]|, 

A = [A]|, Aa = [VaA]|. (97) 

The component form of v and v are given by 

M=Mh Ma = [VaV]|, 

fL=[v]l, fia = [^aV]\- (98) 

The component form of and Fa are given by 

= -i[V'^(7'')^r,]|, = -[V^V„Fb]|, 



iM = _l[v-(^M)^f,]|, K = -[V^V„f,]|. (99) 

Now after writing the components for all superfields wc can write the gauge 
transformations of these component fields. Thus, the component form of the 
gauge transformations of matter fields for the ABJM theory are given by 

Sx^ = i{Xx^ — x^X), 

Sx^^ = -i{x^^X-Xx^^), 

6y' = -i{yiX-Xy'), 

5y^^ = i(A/^-?/^A), 

5xi = i{XaX^ - x^\a) - i{Xxi- x{\), 

Sx'J = -i{x'^Xa-XaX'^) + i{x'JX-Xx'J), 
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Sy'J = i(A„/t_y/tAj_i(Ayf -y^tA), 

6x' = i(Xx^ - x^X) + i(Xx^ - x^X) - 2i{X''xi - x^'Xa), 

Sx'^ = -i{x'^X - Jx/^} - i{x'^X - Xx'^) + 2z(a;"^Ua - X^x'J), 

Sy' = -i(y^A-V)-^(y'A- V) + 2*(y"'A„-A"y^), 

The component form of the gauge transformation of the gauge fields for the 
ABJM theory are given by 

SXa = XaX + K, SA = AX + X, 
SA^^V^X, SEa = Ea\ 

^Xa = XaA + Aa, 5A = AX + % 

5A'' = V^X, SEa = Ea~X. (101) 

The component form of the gauge transformations for v and v are given by 

(5 /i = —ifiX, Sv = —ivX — 2iii°'Xa — i^iX, 
5 jl = —ifj,X, 5 V ^ —ii)X — 2ijl°'Xa — iflX, 

S ^J.a = -^^J■aX - ifiXa, S jla ^ -if^aX - iflXa- (102) 

After discussing the component form of the gauge transformations, we wiU 
analyse the component form of the BRST and the anti-BRST transformations. 
In component form the BRST transformation of the matter fields in the ABJM 



are g 


ivcn 


by 


sx^ 




i{cx' — , 


sx'^ 




— z(a;^^c 


sy^ 




-i{y'c - 


sy'^ 




i{cy'^ - 


sxi 




i{Cax' - 


sxj 




—i{x''^C^ 






-i{y^Ca 


sy'J 




ii.Cay^'^ - 


sx' 




i{cx' — : 






—i{x'^c 






-i{y'c- 


ay^t 




i{cy'^ - 



x'S) 



cx% 



x'Ca)-i{cxl-xic), 

- Cav') +i{yic- cyi), 

- y'^Ca) - i{cyi^ - yi^'c), 



c) + i{cy'^ - y'^c) - 2i(c«t/^t _ ya/tc„). (103) 

The anti-BRST transformation of the matter fields in the ABJM theory in 
component form are given by 

sx' = i{cx' — x'c), 
sx'^ = —i{x''''c — cx'''), 
sy' = -i{y'c-cy'), 
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y 






ii^Cax' - x'ca) - i(cx^ - X^c) , 


sxi = 


= 


-i{x^ha - Cax'^) + i{xi^C - CX^^), 


syi = 


-i{y'ca - Cay^) + i{yic - cyi), 


svi' = 


i{cay^^ - y^^) - i{cyl} - yi^i), 


sx' = 


i{cx^ - x'i) + i{cK^ - x^E) - 2i{c"'xi - x" 




-iix^'fc - Ex^l') - i(x^'fc - 5x^t) + 2i(x'^^1'' 


sy' = 


-i{y^c - iy') - i{y'c - ^y') + 2z(y"^Ca - 




i{cy'^ - y'^i) + i{cy'^ - y'^%) - 2i{^y'J ■ 



yil 

(104) 

In component form the BRST transformations of gauge fields, ghosts, anti- 
ghosts and auxiliary fields for the ABJM theory are given by 

SXa=XaC + Ca, S A = Ac + C, 

SA>'=V^C, sEa=EaC, 

SC=--{C,C}, SCa = [c,Ca], 

SC = b, sc = [c'',Ca] - {C,C}, 

SCa = ba, SC = b 

SXa^XaC + Ca, S A = Ac + C, 

SA<'=V^C, sEa = EaC, 

SC=-^{C,C}, SCa = [c,Ca], 

SC = b, SC=[c°',Ca]- {c,c}, 
SCa = ba, SC = b 

sb = 0, sba = 0, 

s6 = 0, sba = 0, 

sb = sb = 0. (105) 

The anti-BRST transformation of the gauge fields, ghosts, anti-ghosts and the 
auxiliary fields for the ABJM theory in component form are given by 

SC=-b-{c, C}, SCa = -ba - [Ca, c] + [c, Co], 

sc= --{c,c}, sc = -b- {c,c} - {c,c} + 2[^,Ca], 

SCa = [c,Ca], SC = [c",Ca] - {c,c}, 
sba = ^{ba,c} + ^[6,Ca], sb = ^ [b, c] + ^ [6, c] + [6",Ca], 

'Sb=^[b,c], SXa = XaC + Ca, 

sA = Ac + c, sA'^ = V^c, 

S C = -6 - {C, C}, S Ca = -ba - %, c] + [c, Ca], 



SCa = [c, Ca], SC = [c", Ca] - {c,c}, 



sc= --{c,c}, SC = -b- {c,c} - {c,c} + 2[c ,Ca], 
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Sba = ^{ba, c} + ^[b,~Ca], = \ l^' ^] + ^ ^] + ^a], 

Sb=^[b,c], SXa=XaC+Ca, 

sEa^Ea% sEa = EaC. (106) 

Furthermore, the BRST transformations of v, v in component form are given by 

s /U = —ifxc, sv = —ifc — 2iix°'Ca — ifJ-c, 
s fl = —ip,c, sv = —ivc — 2ijl°'Ca — ijic, 

S Ha = -i^aC - ifJ-Ca, S jla = -ijlaC - iflCa- (107) 

and the anti-BRST transformations of v, v in component form are given by 



s jj, = —i/Ic, su = —ivc — 2iii°'Ca — i^ic, 
s fl = —ijlc, sv = —ivc — 2ijj°'Ca — ific, 

SfJLa = -ifJ-aC - iflCa, S jla = -ifiaC - iflCa- (108) 

These are the component form of the BRST and the anti-BRST transformations 
of the ABJM theory and the boundary theory it is coupled to. 
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